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Abstract. Let 5 3l n be the minimal dilatation of pseudo-Anosovs defined on an orientable surface 
of genus g with n punctures. Tsai proved that for any fixed g > 2, the logarithm of the minimal 
dilatation log S„ n is on the order of The main result of this paper is that if 2g + 1 is relatively 

prime to s or s + 1 for each < s < g, then 

nlog<5 Si „ 

limsup < 2. 

n^oo logn 

This improves the upper bound lim sup "'^f^'" < 2(2g + 1) obtained from Tsai's examples. The 

71 — >0O 

examples of pseudo-Anosovs </>'s which provide our bound above have the following property: The 
mapping torus of cj> is a single hyperbolic 3-manifold N called the magic manifold, or the 
fibration of M^, comes from a fibration of N by Dehn filling cusps along the boundary slopes of a 
fiber. The main tool in this paper is the boundary of a fibered face of N. 
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\D • 1. Introduction 

in , 

Let U = 2Jg, n be an orientable surface of genus g with n punctures and Mod(A7) the mapping class 
group of A7. According to the work of Nielsen and Thurston, elements of Mod(A7) are classified into 
three types: periodic, reducible, pseudo-Anosov, see [2 [18]. The last one, pseudo-Anosov mapping 
classes have rich dynamical properties. The hyperbolization theorem by Thurston [21] relates the 
dynamics of pseudo-Anosovs and the geometry of hyperbolic fibered 3-manifolds. The theorem 
asserts that eft £ Mod(I7) is pseudo-Anosov if and only if the mapping torus of </> is a hyperbolic 
3-manifold with finite volume. 

Each pseudo-Anosov element cf) £ Mod(U) has a representative $ : £ — V £ called a pseudo- 
Anosov homeomorphism. Such a homeomorphism is equipped with a constant A = A($) > 1 called 
the dilatation of This A does not depend on the choice of a pseudo-Anosov homeomorphism 
$ G (f>, and hence the dilatation \(4>) of <p is defined to be A( < I ) ). We call the quantities ent(</>) = 
log \{<p) and Ent(0) = |x(A7)| logA((^>) the entropy and normalized entropy of 4> respectively, where 
x(A7) is the Euler characteristic of £. 

If we fix 17, the set of entropies of pseudo-Anosovs on £, 

{ent(0) | pseudo-Anosov (f> G Mod(Z')}, 

is a closed discrete subset of ffi, see [8]. In particular there exists a minimal dilatation, denoted by 
S(£) > 1, of pseudo-Anosov elements in Mod(A7). One of the problems on the study of dynamics 
of pseudo-Anosovs is 
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Problem 1.1 (Minimal dilatation problem). Determine the explicit value of 6(E). Describe 
pseudo-Anosov elements in Mod(E) which achieve 8(E). 

Problem 11.11 has wide interest in the following reason. The group Mod(E) acts properly discon- 
tinuously by isometries on the Teichmiiller space Teich(Z'). The closed geodesies in the moduli 
space M.(E) = Teich(Z , )/Mod(Z') correspond precisely to the conjugacy classes of pseudo-Anosov 
elements of Mod(X'). Furthermore the length of a closed geodesic associated to a pseudo-Anosov 
mapping class <fi is equal to ent (</>)(= logA(^>)). Hence Problem 11.11 is equivalent to determine 
the minimal closed geodesic in A4(E) and to describe pseudo-Anosov elements in Mod(A7) which 
achieve this minimum. 

The minimal dilatations have been computed in several cases where |x(27)| is small [3"1 [511131 114]. 
However Problem 11.11 is widely open for most surfaces. Let us set 8 gn = 8(E gn ) and 8 g = 8 9 q. 
Bp enner proved in [T7] that log<5 9 x -. This work by Penner was a starting point on the study 
of the asymptotic behavior of the minimal dilatations on surfaces varying topology. Later it was 
proved by Hironaka-Kin [7] that log<5o,n x ^, and by Tsai [221 [23] that log<5i jn >c ^. Recently 
Valdivia showed in [23] that given a rational number r > 0, log<5 5in , x j^pj — jt, where (g, n) lies on 
the ray through the origin with the slope r. These results can be shown by Penner's lower bound 

ln , . < log 8 g:n 

12g — 12 + 4n 

(see [T7J) together with finding suitable families of pseudo-Anosovs. 

The following remarkable theorem, due to Tsai, is in contrast with the cases of genus or 1. 

Theorem 1.2 ([22]). For any fixed g>2, log8 g . n x ^p. 

This paper concerns the following question which is motivated by Theorem 11.21 

Tt lo S 

Question 1.3. Given g > 2, does lim — — exist? What is its value? 

n->oo log n 

This is an analogous question, posed by McMullen, which is asking whether lim g log 8„ exists or 

9 ->oo 

not, see [To] . 

Given g > 2, let {ip n G Mod(E g ^ n )} n ^ be a family of pseudo-Anosovs. We say that the 
dilatation of the family {^ n } has the best possible asymptotic behavior if log X(tp n ) ~ ^p 1 - To i>est 
our knowledge, families of pseudo-Anosovs given by Tsai [22] are the only known examples whose 
dilatations have the best possible asymptotic behavior. In AppendixEl we review her constructions 
of pseudo-Anosovs, and show that her examples provide the upper bound lim sup nl 1 ° g '^'" < 2(2g+l) 

n— >oc 

(Proposition lA.j]) . The purpose of this paper is to find another families of pseudo-Anosovs whose 
dilatations have the best possible asymptotic behavior, and to give a uniform upper bound of 
"^ogti'" , independent of g, for infinitely many g's. 
Our first result is 

Theorem 1.4. Given g > 2, there exists a sequence {nj}^ with m — > oo such that 

riilog8 gni 
lim sup — < 2. 

i^oo log n» 



^Let A g and B g be functions on g. We write A g x B g if there exists a constant c, independent of g, such that 
^<B g <cA g . 
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To state the second result, we define the polynomial B/ gp \(t) for nonnegative integers g and p 
as follows. 

B M {t) = t 2 P +1 (t 29+1 - 1) - 2t p+ 9 +1 - t 29+1 + 1. 
We shall see that it has a unique real root, say greater than 1. The root r^ g ^ satisfies 

hm Pl ° gr ^=l 

p->oo log p 

(see Lemma l4.3p . Our second result is the following upper bound of the minimal dilatations. 

Theorem 1.5. For g > 2 and p > 0, suppose that gcd(2g + l,p + g + 1) = 1. Then 

$g,2 P +i < r( g>p) for each i £ {1, 2, 3, 4}. 

See Table [U for actual values of rig^s. 
Our last result is 

Theorem 1.6. Suppose that g > 2 satisfies 

(*) gcd(2g + 1, s) = 1 or gcd(2# + 1, s + 1) = 1 for each < s < g. 

Then 

nlog<5 5 , n 
limsup — — < 2. 

n.-+oo log Tl 

For example (*) holds for g = 4 since 9 is relatively prime to 1, 2, 4 and 5, but (*) does not hold for 
g = 7 because gcd(15,5) = 5 and gcd(15,6) = 3. We would like to point out that infinitely many 
g's satisfy (*). In fact if 2g + 1 is prime, then 2g + l is relatively prime to s' for each 1 < s' < g + 1. 
Such a g enjoys (*), and this leads to 

Corollary 1.7. If ' 2g + 1 is prime for g > 2, then 

ralog<5 3 , n 
limsup — — < 2. 

n->oo log n 

Remark 1.8. One can simplify (*) since 2g + 1 is always relative prime to 1, 2 and g. In the case 
5^5, (*) is equivalent to 

(**) gcd(2# + 1, s) = 1 or gcd(2g + 1, s + 1) = 1 /or eac/i 3 < s < g — 2. 

Our results are proved by using the theory on fibered faces of hyperbolic fibered 3-manifolds M, 
developed by Thurston and Fried, see Section [3l Let || • || : H2(M,dM;R) — > M. be the Thurston 
norm, and let O be a fibered face of M. (Fibered faces of M are some of the top dimensional faces 
of the unit ball Um with respect to the norm || • ||.) The work of Thurston in [19] tells us that if M 
has the second Betti number more than 1, then it admits a family of fibrations on M dominated 
by int(C^), where Cq, is the core over with the origin and int(Cn) is its interior. In other 
words, such a fibered 3-manifold provides infinitely many pseudo-Anosovs defined on surfaces with 
variable topology. By the work of Fried [1] , the entropy function defined on these fibrations admits 
a unique continuous extension ent : int(Cn) — > R. The entropy function, ent, has the property that 
^ : int(Cn) — > R is concave. Moreover the restriction ent|j nt (n) : int(£l) — > R enjoys that ent(a) 
goes to oo as a £ int{Q) goes to a point on the boundary of O, see [1]. 

These properties give us the following useful observation: For any compact set T> C int(£l), there 
exists a constant C = Cx> > satisfying the following. Let a £ int(Co) be any integral class of 
H2(M, dM; Z) and let $ a be the monodromy of the fibration associated to a. Then the normalized 
entropy Ent( < I ) a ) < C whenever a E D, where a is the projective class of a. 
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This observation enables us to investigate the asymptotic behavior of the minimal dilatations 
on surfaces varying topology. The following theorem, showing the best known upper bounds, are 
proved by using a technique with the same flavor as the observation above. 

Theorem 1.9 (0Q3] for (1), [9] for (2), [6j H Q2] for (3)). Let D n be an n-punctured disk. 

(1) lim sup n log <5o,n < 21og(2 + Vs). 

n— ¥oo 

(2) limsupnlog(5i jn < 21og(5(Z?4) ~ 1.6628, where 5(D&) ~ 2.2966 is the largest real root of 

n— >oo 

- 2t 3 -2t + l. 

(3) limsup glogS g < log5(D 3 ) = log^i.i) = log(^). 

However for any fixed g > 2, the same technique doesn't work in order to give an upper bound 
of 5g :n varying n because of Theorem 11.21 Theorem 11.21 implies that there exists no constant 
C > 0, independent of n, such that the minimal normalized entropy |x(^g,n)| log d~ g , n satisfies 
|x(^5,n)| log<5g,n < C. Thus if there exists a sequence of integral classes {oj} with a% € int(Co) such 
that the fiber of the fibration associated to Oj is a surface of genus g and n, boundary components 
with rii — > oo, then the accumulation points of the sequence of projective classes {oi} must lie on 
the boundary of 0. (This is because there exists no constant C > 0, independent of i, such that 
Ent($ 0i ) < C, see Theorem O) 

Nevertheless we focus on a particular hyperbolic fibered 3-manifold, called the magic manifold 
N. This is the exterior of the 3 chain link C3, see Figured! It turns out that the boundary of a 
fibered face of N is a useful tool for Question 11.31 

Our examples of pseudo-Anosovs 0's which provide the bounds in Theorems 11.41 and 11.61 have 
the following property: The mapping torus of (j> is homeomorphic to N, or the fibration of 
comes from a fibration of N by Dehn filling cusps along the boundary slopes of a fiber. 





cud 



Figure 1. (left) 3 chain link C3 (right) link whose exterior is homeomorphic to 
N. (This is an illustration of a fibration on N with the fiber homeomorphic to the 
4-punctured sphere.) 



Now we turn our attention to the minimal volume problems on hyperbolic 3-manifolds. The set 
of volumes of hyperbolic 3-manifolds is a well-ordered closed subset in M of order type w 1 ^, see |18j . 
In particular if we fix a surface U, then there exists a minimum among volumes of hyperbolic S- 
bundles over the circle. It is known that hyperbolic volume decreases after Dehn filling, see [161118]. 
By appealing to this result on the surface bundles over the circle in the proofs of Theorems 11.41 
11.61 w e obtain 

Proposition 1.10. Given g > 2, there exists a sequence {n.j}^ with rii — > co such that the 
minimal volume of S gn . -bundles over the circle is less than or equal to the volume of the magic 
manifold N ~ 5.3334. Furthermore if g > 2 satisfies (*), then for any n > 3, the minimal volume 
of Eg ^-bundles over the circle is less than or equal to the volume of N . 
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We close the introduction by asking 

Question 1.11 (cf. Theorems 1 1 . 41 and 1 1 . 6 p . Does there exists a universal constant C > such that 
given g > 2, limsup n1 ^'" < C holds? If this is true, then does limsup n \°g^' n < 2 hold? 



2. Roots of polynomials 

This section concerns the asymptotic behavior of roots of families of polynomials. We will use 
the claims given in this section to analyze the asymptotic behavior of the dilatations in families of 
fibered classes. 

Let g{i) = a n t bn + a ri _ii f '™~ 1 + • • • + aot b ° be a polynomial with nonzero real coefficients ctj, where 
fej's are integers satisfying b n > b n -\ > ■ ■ ■ > b\ > b$ > §. Let D(g) be the number of variations in 
sign in the sequence a n , a n _i, • • • , oq of the coefficients. For example if g(t) = t 4 + 1 3 — 2t 2 + t — 1, 
then D(g) = 3. 

Theorem 2.1 (|25j). Let g(t) be a polynomial as above. Then the number of positive real roots of 
g(t) (counted with multiplicities) is either equal to D(g) or less than 2) (g) by an even integer. 

We fix integers r > 0, s > 0, u > 0, and fix a polynomial Q(t) whose coefficients are positive 
integers. Consider the following polynomial P m (t) for each m € N: 

P m (t) = t 2m+r (t s - 1) + 1 - Q{t)t m -t u = t 2m+r+s - t 2m+r - Q{t)t m -t u + l. 

Proposition 2.2. 

(1) Suppose that the degree of each monomial other than t 2m+r+s is less than that of t 2m+r+s , 
that is 

2m + r + s > max{deg(<5(i)i m ), u}, 

where deg(/) is the degree of the polynomial f. Then P m (t) has a unique real root X m 
greater than 1. 

(2) Given < c\ < 1 and c<i > 1, there exists L > such that 

£L £2. 
mm < X m < mm for any m > L. 

(3) We have 

mlogX m 

Iim — = 1. 

log m 



rn— too 



Proof. (1) Under the assumption on the degree in (1), we have D(P m ) = 2. By Theorem 12.11 the 
number of positive real roots of P m is exactly equal to 2 since P m (0) = 1, P m (l) < 0. Because 
Pm(t) goes to oo as t does, P m (t) has a unique real root A m > 1. 

(2) We have 

Pn(i)t~ (2m+r) = (t S - 1) + r {2m+r ^ - Q(t)t-( m+r) - t -(2m+r-«\ 

Put f m (t) and g m (t) as follows. 

f m (t) = (t s -l)+t-( 2m+r \ 

g m (t) = Q(t)t-( m+r ^ +t-(2m+r- U )_ 

C l C l 

It is enough to prove that if we take < c\ < 1 and C2 > 1, then f m (m~) < 5 f m( 77 ^^ r ) and 
f m (mm) > g rn (mm) for m large. 
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If t = mm for some c > 0, then 

By Maclaurin expansion of the exponential function, we have 

sc log m sc log m 

e^^" = 1 + — + R 2 

m 



e m 



where i? 2 = C( ££i £P) 2 for some < w < Since goes to as m goes to oo, we may 

_ * Tfh ' It h It h 

assume that ^- < B for some constant B > 0. Then 

/ ro (mm) = ( m ^) s -l + ( m ^)-( 2 '"+0 

sc log m m 1 ~ c ^ 2+ m) 

+ i?2 H 

m 

„,sclogm x o m 1 ~ c ^ 2+ ™- > 

< — +S( — ) 2 + 

m m 

,l-c(2+-) 



rn 




sclog 


m 


m 




sclog 


m 


m 




sclog 


m 



„ 9 ,log7Tl N9 m 

+ Bs 2 c 2 — 2 + — 



m m 

l_ c (2+i) 



„ o 9 . log to. H to 
+ Bs 2 c 2 (— — ) • H 



< 

m " m ' m 

(sc + Bs 2 c 2 ) log m + m 1_c(2+ m) 
to 

Note that from the second equality above, we have 

, n1 , j> / JL \ Sclog 771 

(2.1 f m (mm > — . 

m 

i 

If we write Q(t) = a. ? -t 3 ', where aj is a nonnegative integer, then 
i=o 

g m (mm) = Q(mm)m l+ »«^ + m ^ ™ ™' 

„, ^to 1 "^^ m 1 ^ 2 ^^ 

= Q(mm) 1 

m m 

^—^\ m J m 

3=0 

m 

Suppose that the above c > satisfies < c < i The four terms log 
and m 1_c ^ 2+ m~m) go to oo as m does, since the last three terms have the positive power of m. 
Notice that given C > 0, there exists a constant Lc > such that logm < m c for any m > he- 
Observe that among the four terms above, m 1 ~ c ^ 1+ ™~™^ is dominant because 

r 7 . , r it . , r , 

1 - c 1 + — > 1 - c 2 + > 1 - c 2 + — . 

mm mm m 

c i c i 

These imply that fm(m™) < 9m('m~™) holds for m large. 
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Suppose that \ < c < 1. We can check that m 1 c<yl+ m m) is still dominant among four 
terms. (Some of the terms except m 1 ~ c ^ 1+ ™^m^ may be bounded as m goes to oo.) Therefore 
/ m (mW) < g m (m™) holds for m large. 

Finally consider the case c > 1. Then m 1 ~ c ^ 2+ ™\ m 1-c ( 1+ ™ - ™) and m 1 ~ c ^ 2+ m _ m) go to 
as m goes to oo, because these terms have the negative power of m as m goes to oo. Thus the 
numerator of gm(m™) goes to as m tends to oo. On the other hand, / m (mm) > sclc ^ m holds 

(see (|2.1|) ). and hence the numerator of / m (m™) = scl °g m + mR 2+m — . — ml g oes to oo as m does. 

c i c i 
Thus / m (m™) > g m (m~) for m large. 

(3) By the inequality in (2), we have c\ < m ^ g ^ m < C2 for m large. Since < c\ < 1 and C2 > 1 
are any numbers, m ^^ m goes to 1 as m goes to oo. □ 

Lemma 2.3. Let {K m }meN be a sequence of real numbers such that K m > 1 for each m. Suppose 
that given < c\ < 1 and C2 > 1, there exists L > suc/i i/iai 

£1 £2. , r 

771 m < K m < in™ /or any m > L. 

Then for any fixed integers q > and r > ; w;e /iawe 

(am + r) log K m 



lim 



m->oo log(gm + r) 
Proof. By the assumption, 

ci log m C2 log m 

< logK m < . 

m m 

Let us set n = qm + r. We substitute m = for the inequality above: 

cilog(*f) c 2 log(^ 

< log K m < 



n—r ° n—r 

1 Q 



Hence 



qc\ (log(n — r) — log q) qc2 (log(n — r) — log g) 

< log K m < 



n—r n—r 



If each side is multiplied by j^^, then we obtain 



gci(log(n — r) - logg)n ^ nlogft m gc2(log(n — r) — logg)n 



(n — r)logn logn (n — r)logn 

C2 > 1 be any numbers, it follows that 



Note that — ^ n — = f-^-) / iog(n r) iog<n gg ^ Q ^ as n g oes to oo. Since < ci < 1 and 

(n—r) logn \n—r/\ logn / x 



(am + r) log k, 

lim 



log(gm + r) 

□ 
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3. Thurston norm and fibered 3-manifolds 

Let M be an oriented hyperbolic 3-manifold with boundary dM (possibly dM = 0) 
recall the Thurston norm || • || : H 2 (M, dM;M.) —> R, and recall the relation between 
fibrations on M when M fibers over the circle. (See [19] for more details.) 

The Thurston norm || ■ || is defined for an integral class a G Hz(M,dM;Z) by 

||a|| = mm{-x(F)}, 

F 

where the minimum is taken over all oriented surface F embedded in M, satisfying a = [F], with 
no components of non-negative Euler characteristic. The surface F which realizes this minimum is 
called the minimal representative of a, denoted by F a . The norm || • || defined on integral classes 
admits a unique continuous extension || • || : H2(M, dM; R) — > R which is linear on the ray through 
the origin. The unit ball Um with respect to the Thurston norm is a compact, convex polyhedron. 

Suppose that M is a surface bundle over the circle and let F be its fiber. The fibration determines 
a cohomology class a* G H 1 (M;'Z), and hence a homology class a G H2(M,dM;1 l ) by Poincare 
duality. Thurston proved in [19] that there exists a top dimensional face f2 on OUm such that 
a = [F] is an integral class of int(Cn). On the other hand, the minimal representative F a for any 
integral class a in int(Cn) becomes a fiber of the fibration associated to a. Such a face is called 
a fibered face, and an integral class a G int(Ca) is called a fibered class. 

The set of integral and rational classes of int(Cn) are denoted by int(Cn(Z,)) and int(Cn(Q)) 
respectively. When a G mi(Cn(Z)) is primitive, the associated fibration on M has a connected 
fiber represented by F a . Let <£ a : F a — > F a be the monodromy. Since M is hyperbolic, <p a = [<J> a ] 
is pseudo-Anosov. The dilatation A(a) and entropy ent(a) = logA(o) are defined as the dilatation 
and entropy of cj) a respectively. 

We now recall the work of Fried. The entropy defined on primitive fibered classes is extended 
to rational classes as follows: For a rational number r and a primitive fibered class a, the entropy 
ent(ra) is defined by -^ent(a). Fried proved that ^ : int(Cn(Q)) — > R is concave [3J, and in 
particular ent : int(Cn(Q)) — > R admits a unique continuous extension 

ent : int(C n ) ->■ R. 

Moreover, the restriction of ent to the open fibered face mi(fi) has the property that ent (a) goes 
to oo as a G mi(fi) goes to a point on dfl. Thus we have a continuous function 

Ent = || • || ent(-) : int(Cn) ->• R 

which is constant on each ray in int(Cn) through the origin. 

4. The magic 3-manifold 

The fibers /monodromies of fibrations on N have been studied in [12] . In Sections 14.11 and 
14.21 we recall some results from the papers. Section 14.21 includes the proofs of Theorems 11.41 11.51 
and 11.61 

Recall that £g, n is an orientable surface of genus g with n punctures. By abusing the notation, 
we sometimes denote an orientable surface of genus g with n boundary components by 2J g , n in the 
rest of the paper. 

4.1. Fibered face. Let K a , Ka and be the components of the 3 chain link C3. They bound 
the oriented disks F a , Fp and F 7 with 2 holes, see Figure fright). Let a = [F a ], (3 = [Fp], 
7 = [F 7 ] G H 2 (N, ON; Z). The set {a, (3, 7} is a basis of H 2 (N, ON; Z). Figure EJ^left) illustrates the 
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Thurston norm ball Un for N which is the parallelepiped with vertices ±a, ±/3, ±7, ±(a + ft + 7), 
see [19]. 

Because of the symmetry of C3, every top dimensional face of Un is a fibered face, and it is 
enough to consider a particular fibered face in order to study the monodromies of fibrations on N. 
We denote a class xa + y/3 + 27 € H2(N, dN) by (x, y, z). We pick a fibered face A with vertices 
a = (1,0,0), a + /3 + 7 = (1,1,1), /3 = (0,1,0) and -7 = (0,0,-1). The open face int(A) is written 
by 

int(A) = {(X, Y, Z) I X + Y - Z = 1, X > 0, F > 0, X > Z, y > Z}. 

A class a = (x, y, z) € H<z(N, dN) is an element of int{C&) if and only if x > 0, y > 0, x > z and 
y > z. In this case ||a|| is equal to x + y — z. Its projective class a = (x, y, z) G int(A) is given by 
a = (— r 2 — , —r- — , — — ). One of the coordinates, say —r- — , is not needed to represent a, so we 
denote (j+f^, 5+^, i+f^) by [^- z , for simplicity. With this notation 

int(A) = {[X,Y] I < X < 1, < y < 1}. 




Figure 2. (left) Thurston norm ball Un- (right) F a , Fp, F 7 . [arrows indicate the 
normal direction of oriented surfaces.] 

Let a = (x,y,z) be a primitive fibered class in int(Cj\). The minimal representative of this 
class is denoted by F a or Fr x ^y tZ y We recall the formula which tells us that the number of the 
boundary components of F a . We denote the tori dM(K a ), dAf(Kp), dAf(Ky) by T a , Tp, T 7 
respectively, where M{K) be a regular neighborhood of a knot K in S 3 . Let us set d a Fr x ^ )Z \ = 
dF( x ,y,z) H T a which consists of the parallel simple closed curves on T a . We define the subsets 
dpF{x,y.z)i 9^Ff x ^ yz \ C 9Fr Xt y >z ) in the same manner. By Lemma 3.1] the number of the 
boundary components t{dF(x,y,z)) 15 equal to 

gcd(x, y + z) + gcd(y, z + x) + gcd(z, x + y), 

where gcd(0,w) is defined by \w\. More precisely 

${doiF(x,y,z)) = gcd(x,y + z), tK^-Ffoj/,*)) = gcd(y, z + x), tK&y-Ffoj/,*)) = gcd(z,x + y). 

Moreover the boundary slope of each component of d a F^ x y ^ equals x ■ Similarly the boundary 
slope of each component of dpF^ x ^ yz ^ (resp. d^F^y ^) is given by ~^ +a ^ (resp. ~^ + ^ ). 
We define slope(x, y, z) to be slope(x, y, z) = ( = , — , +:r ^ , ~^ + ^ ). 

x y z 
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4.2. Dilatations of fibered classes. Teichmiiller polynomial on the fibered face A tells us 
that the dilatation \r xyz -\ of a fibered class (x,y,z) G int{C&) is the largest real root of 

= tX+V ~ Z ~t X -t y - t X ~ Z ~ t V ~ Z + 1, 
see [111 Theorem 3.1]. Notice that (x, y, z) G int{C&) implies that D(f( x ,y,z)) = 2- By Theorem 12 .11 
\x,y,z) i s indeed a unique real root greater than 1 of f( x , y ,z)(t)- 

Let &t x ,y,z) '■ F(x,y,z) ~* F(x,y,z) be the monodromy of the fibration associated to a primitive 
class (x,y,z) G int{C&) with a fiber Ff x>yiZ \. Let T( Xi y iZ ) be the stable foliation of &( x ,y,z)- The 
components of d a F^ xyz ^ (resp. dpF(~ t y^, d^Fi x ^ y ^) are permuted cyclically by &( X: y >z ). In par- 
ticular the number of prongs of Tt x ,y,z) a * a component of d a F^ xyz ^ (resp. dpFr x ^ y ^ z \, djFr x ^ z \) 
is independent of the choice of the component. By [12], Tfay^ is gcd ( xy+z j -pronged at each com- 
ponent of d a F (x ^ )Z) , gcd(y y x+z) -pronged at each component of dpF( x ^, g *^~ x + y) -pronged at each 
component of d^F/ x>VtZ \, and Fr x y g) has no singularities in the interior of Fr x>ytZ y 

4.3. Proofs of Theorems ll.4in.5l and fl.6l We begin by defining linear sections in Hz^N, dN; E). 
For r G Q or r = oo, define 

Sp(r) = {(x, y, z) G H 2 (N, ON; R) | r = ^f}. 

In the rest of this section, we restrict our attention to the section Sp(—1). Figure[3]is an illustration 
of Sp(—1) C\Un and Sp(— 1) n A. Since there is a symmetry of Sp(— 1) n Ujy, it is enough to study 
the fibered classes of Sp(—1) n int(C&). 




Figure 3. Linear sections, (left) Sp(-l) n C/jv. (right) S^-l) n A. 



If we take o = (1, 1,0) and b = (0, 1, 1), then {a, b} becomes a basis of Sp(— 1) n Hi{N, ON; Z). 
One can check that fca + ^b = (fc, k + £,£) G int{C&) if and only if /c > and —A; < I < k. Therefore 

S/3(-l) n irai(A) = {[|, Y"] | < Y < 1}. 

Lemma 4.1. Suppose that ka + £b is a primitive integral class of int(C&). 

(1) ^fca+^b * s a surface of genus with k + £ + 2 boundary components if both k and £ are 
odd. 

(2) Fk a+ £ b is a surface of genus k ~~^ 1 with k + £ + 3 boundary components otherwise. 
Proof. The number of the boundary components of Fk a +eb is equal to 

gcd(fc, 2£) + k + £ + gcd(£, 2k). 

It is equal to k + £ + 2 if both and ^ are odd. Otherwise k + £ + 3 (since k and £ are relatively 
prime). The genus of is computed from |x(^fco+£b)| = ||fca + ^b|| = 2k and the number of the 

boundary components. □ 
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For g > and p > 0, define a flbered class ffl( 9iP ) as follows. 

a( g ,p) = (p + 9 + l)a+ (p - q)b = (p + g + l,2p + l,p - g) e mi(C A ). 

Note that ||o( S)P ) || = 2p + 2g + 2. The class ci( 9jP ) is primitive if and only if 2g + 1 and p + g + 1 are 
relatively prime. One can check that 

B {g,p)^) = /(p+s+l,2p+i,p-s)W 
(see Section Q] for the definition of B( gp ^(t)), and hence the unique real root ?"( 5)P ) > 1 of B^ gp ^(t) 
equals the dilatation X(ar gjP \). 

Table 1. 77 ffiP ) = \{ai g ^\). (Numbers with the round bracket in the table mean 
that in these cases, the fibered classes fl( ff , p )'s are not primitive, i.e, 2g + 1 and 
p + g + 1 are not relatively prime. If a( 9iP ) is primitive, then <5 9i 2 P +i < r ( 9 , P ) f° r each 
i G {1,2,3,4}, see Theorem 11.51 ) 



p 




r (3,p) 


r (4, P ) 


r (5, P ) 


r (6,p) 


r (7, P ) 





1.7220 


1.5560 


1.4579 


1.3924 


1.3450 


1.3090 


1 


1.4012 


1.3247 


(1.2767) 


1.2431 


1.2181 


(1.1986) 


2 


(1.3013) 


1.2483 


1.2144 


1.1903 


1.172 


(1.1578) 


3 


1.2483 


(1.2069) 


1.1801 


1.1608 


1.1462 


1.1346 


4 


1.2144 


1.1801 


(1.1575) 


1.1413 


1.1289 


(1.1190) 


5 


1.1903 


1.1608 


1.1413 


(1.1271) 


1.1163 


1.1076 


6 


1.1721 


1.1462 


1.1289 


1.1163 


(1.1066) 


1.0988 


7 


(1.1578) 


1.1346 


(1.1190) 


1.1076 


1.0988 


(1.0917) 


8 


1.1461 


1.1251 


1.1109 


1.1004 


1.0924 


1.0859 


9 


1.1364 


1.1171 


1.1040 


1.0944 


1.0870 


1.0809 


10 


1.1281 


(1.1103) 


(1.0982) 


1.0893 


1.0823 


(1.0767) 


11 


1.1210 


1.1045 


1.0932 


1.0848 


1.0783 


1.0730 


12 


(1.1148) 


1.0993 


1.0887 


1.0809 


1.0747 


(1.0698) 


13 


1.1093 


1.0948 


(1.0848) 


1.0774 


1.0716 


(1.0669) 


14 


1.1044 


1.0907 


1.0813 


1.07428 


1.0687 


1.0643 


15 


1.1000 


1.0870 


1.0781 


1.0714 


1.0662 


1.0619 


16 


1.0960 


1.0837 


(1.0752) 


(1.0688) 


1.0638 


(1.0598) 


17 


(1.0924) 


(1.0807) 


1.0726 


1.0665 


1.0617 


(1.0578) 


18 


1.0891 


1.0779 


1.0702 


1.0643 


1.0597 


1.0560 


19 


1.0861 


1.0754 


(1.0679) 


1.0624 


(1.0579) 


(1.0543) 


20 


1.0833 


1.0730 


1.0659 


1.0605 


1.0563 


1.0528 



The rational class [|, 2p +2g+2 1 e int(A) represents the projective class Q( SiP ) of a( fl)P )- This leads 
to the following. (See also Figured!) 

Lemma 4.2. If we fix g > 0, the sequence { a (g, P )} P eN converges to [|, 1] € dA as p goes to oo. 

By Proposition 12.2( 2). we have the following. 
Lemma 4.3. We fix g > 0. Given < c\ < 1 and c% > 1, there exists L > such that 

£1 £1 

P p < r (g,p) < P p f or an V P > L. 
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a 



1 

3/4 
1/2 



(0,p+l) 



l (0,p) 



l (0,l) 



l (0,0) 



enlarge 



1/2 



X 



a (0,p+l) - a (g,(2g+l)(p+l)+g) 



<>■--. y — a, 



,(2g+l)p+g+i) 



a (g,(2g+])p+g+l) 



a (0,p)~ a (g,(2g+l)p+g) 



X=l/2 



Figure 4. For g > 1, it is easy to check that a( Si (2 5 +i)p+ 9 ) = a (o,p)- The Y- 
coordinate of a^^y is greater than that of fl( 5 ,p), because 2(p+i)+2g+2 ^ 2p+2g+2 • 
These imply that 0( 9i (2g+i)p+i) f° r each g < i < 3g+ 1 lies between a( 0j p) and fl(o, P +i)- 



In particular lim pl ° gr (g'P> = i 

p— s>oo 1Q gP 



Lemmas 14.41 and 14,51 below allow us to construct a I7 5i 2p+i-bundle over the circle for each i 6 
{1,2,3,4} with the dilatation ?"( 5i p), provided a( g ,p) is primitive. 

Lemma 4.4. Suppose that a( 9i p) is primitive. Then the minimal representative F a . p . is a surface 
of genus g with 2p + 4 boundary components, and the stable foliation T a , g p) ^as i/ie following 
singularities. 

(1) //p + 5 is odd, t/ien tt^a^j) = 2, JKfyi^) = 2p + 1 and l(djF aM ) = 1. In to 
case Fatgtf is p+ | +1 -pronged at each component of d a F a ^ g p) , 1-pronged at each component 
of dpFa^ . and (p + 3<? + 2) -pronged at the component of <9 7 -F a(g . 

(2) Ifp + g is even, then §(d a F a{gp) ) = 1, $(dpF a{gp) ) = 2p + land {(d-yF a{gp) ) = 2. in to case 
J~ar gp ) is (p + 5 + l)-pronged at the component of d a F a , 1-pronged at each component of 
dpFatgp) an d p+3 2 3+2 -pronged at each component o/9 7 F a(gp) . 

/n 6cd/t cases fi,) and F a ^ p ^ has no singularities in the interior of F a , . . 

Proof. By definition, ct( S) p) = (p + 5 + 1) a + (p — a/)b. Notice that the parity of p + g + 1 is different 
from that of p - g. By Lemma EE1 U(<9 Q F a(g p) ) + t)(9 7 F a(g p) ) is equal to 3. 

The singularity data of J- a , , is obtained from the formula in Section 14.21 □ 

By Lemma 14.41 it is straightforward to prove 

Lemma 4.5. Suppose that ct( ffiP ) is primitive. Then F a ^ gp) is no 1-pronged at each component of 
d a F a{g p) U d^F a(gp) if and onZy i/ (g,p) {(0,0), (0, 1), (1,0)}. In particular if g > 2 and p > 0, 
i/ien F a(gp) is no 1-pronged at each component of d a F a(gp) U d^F a{gp) . 

We are now ready to prove theorems in Section [TJ 

Proof of Theorem \l-4\ There exists a sequence of primitive fibered classes {a( 5]Pi )}^ with pi — > oo. 
(In fact, if pi = (g + 1) + (2g + l)i, then 2g + 1 and pi + g + 1 are relatively prime, and hence a,(g tPi ) 
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is primitive.) Then N is a Z , 9 2 Pl +4-bundle over the circle with the dilatation rr gp .y Therefore 
5g,2 Pi +4 < r(g m ). If we set m = 2pi + 4, then 

rij log 5 g , ni rij logr {gtPi) = (2 Pi + 4)r (g;P .) 
log rij ~ log rij log(2pj + 4) 

By Lemmas 12.31 and 14.31 iog(2pi+4) & oes to 2 as i goes to oo. Therefore 

njlog^ 
hmsup — : < 2. 

i^oo log n» 

□ 

Proof of Theorem \1.5~[ The minimal representative of is a surface of genus <? with 2p + 4 

boundary components with 

^Pe(a (g , p) ) = (^g y> -1 ) ^±2). 
Thus iV is a A7 g> 2p+4-bundle over the circle with the dilatation rr g> p\ = A(a( SiP )), and hence #3,23+4 < 

r (9,p)' 

Consider the case where p + g is odd. (See Lemma 14.41( 1) .) The manifold A f ( 3p ^ 5 (^ ), obtained 
from JV by Dehn filling a cusp specified by the torus T 7 along the boundary slope t^^j of 
the fiber i^ , . , is a A7 5i 2p+3-bundle over the circle with the dilatation r( fl>p ) since ,F a , , is no 1- 
pronged at each component of d^F a ^ gp y Similarly, by Lemma |4"31 we see that N( zfe^jp^ ) (resp. 
iV( : 

- 3 (p+g+i) ' ^(p-gp) is a ^g,2p+2-bundle (resp. A7 9i 2p+i-bundle) over the circle with the dilatation 
rr 9iP y The existence of these A7 9j 2p+«-bundles for i E {1, 2, 3} imply that d~ g ,2p+i < r (g,p)- 

The case where p + g is even is analogous. □ 

Proof of Theorem \1.6l By Theorem 11.51 we have the following: 

• If gcd(2# + l,p + g + 1) = 1 and gcd(2# + 1, (p + 1) + p + 1) = 1, then for j G {3, 4} 

<5 9 , 2 p+j < min{r (5jp) ,r (5ip+1) }. 

• If gcd(2# + l,p + g + 1) = 1 and gcd(2^ + 1, (p + 1) + # + 1) / 1, then for j E {3,4} 

<5 9 ,2p+j < r^p). 

• If gcd(2# + l,p + g + 1) 7^ 1 and gcd(2^ + 1, (p + 1) + # + 1) = 1, then for j E {3,4} 

8g,2p+j < r (g,p+l) ■ 

Thus 

u x) (2p + j)log^, 2 p+j < (2p + j) log r- (giP ) ^ (2p + j) log ^gp+j < (2p + j) log r (g;P+1) 

log(2p + j) - log(2p + j) log(2p + j) " log(2p + j) 

(*) in Theorem 11.61 ensures that (|4.1I) holds for any p > 0. By using Lemma 12.31 it is easy to see 
that both gg^S^ and ^fl^f±n go to 2 as p goes to oo. Thus 

log(2p+j) log(2p+j) to 1 b 

(2p + i)log5 5i2 p+i ^ 
hmsup — < 2 ; 

p^oo log(2p + j) 



which means that 



r nlog5g, n 
limsup — < 2. 

n->oo log 72. 



□ 
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Proof of Proposition \1.1(A We prove the claim in the second half. (The proof in the first half is 
similar.) If g > 2 satisfies (*), then for any p > there exist a A7 9i 2p+3-bundle and a U g ^ P +4- 
bundle over the circle obtained from N, see Proof of Theorem 11.61 More precisely such a bundle is 
homeomorphic to N or it is obtained from N by Dehn filling cusps along the boundary slopes of 
a fiber. Thus Proposition 11.101 holds from the result which says that hyperbolic volume decreases 
after Dehn filling (TgHB]. □ 

Appendix A. Examples by Tsai 

Given g > 2, Tsai gave in [22] the examples of pseudo-Anosovs defined on an orientable 
surface of genus g with n marked points which enjoy log A(/ Sin ) X l2£B. By puncturing the marked 
points, one can obtain the pseudo-Anosov mapping class on E g>n , a surface of genus g with n 
punctures with the same dilatation as / 9>n . Following [22], we briefly recall her construction of 
on a surface of genus g with n marked points, and we denote such a surface by £ 9t n by abusing the 
notation again. Then we prove 

Proposition A.l. For any fixed g > 2, lim — °f ^-liinl — 2(2g + 1). 

ra-kx) log n 

For p,q > 1, we now define a mapping class <p p<q G Mod(A7o >p+(3+ 2). First, let Uo tP+q+ 2 be a 
sphere with (p + 1) marked points X circling unmarked point x, and (q + 1) marked points Y 
circling unmarked point y, and a single marked point z, see Figure deleft). Note that \X Pi Y\ = 1, 
= p + 1 and \Y\ = q + 1. Second, define homeomorphisms a p , /3 q : £o !P+q+ 2 — > ^o, P +q+2 so that 
a p rotates the marked points of X counterclockwise around x and /3 q rotates the marked points of 
Y clockwise around y, see Figure Reenter, right). Then let 4> PtQ = [/3q] o [a p ]. This mapping class 
4> PA is pseudo-Anosov, and X((p P;q ) is the largest real root of 

T p , q (t) = t p+q+1 {t - 1) + 1 - 2(t p+1 + t q+1 ) - t, 

see [7]. By Theorem 12. 11 \{4> ps ) is indeed a unique real root greater than 1 of T Piq (t). The following 
property holds, see [TOl Proposition 3.4]: For p' > p and q' > q, 

(A.l) K4> P ',q) < K<P P ,q) and \(<j> p , q >) < \{4> P , q )- 

The lemma (see [10^ Lemma 2.2]) on the theory of Perron- Frobenius matrices was used for the 
proof of these inequalities. 
It was shown in [7] that 

A(0LfJ,rfl) = min { A (0p,g) \P + Q = s}. 

Tsai proved that log X((j)^s.j^s.-\) >z ^f^, see \22\ Proposition 4.1]. More generally if we fix k,£ > 0, 

then log \(4> p+ k :P +e) x holds. In fact we have the following lemma which is a key to prove 
Proposition IA.1L 

Lemma A. 2. We fix k,£ > 0. Given < c\ < 1 and ci > 1, there exists L > such that 

— — 
P p < \{<p p+ k, P +e) <P P for any p> L. 

Proof. The dilatation \(<f)p + k, P +e) is a unique real root greater than 1 of 

T p+k , p+i (t) = t 2p+k+i+ \t - 1) + 1 - 2(t e+1 + t k+1 )t p - t. 

The lemma follows from Proposition 12.21 (2) . □ 
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Figure 5. (left) sphere with marked points £o tP+q+ 2 (p = q = 5), (center, right) 
homeomorphisms a p and (3 q . 




Z 



Figure 6. invariant train track for <f> Ptq (p = q = 5). 




Z z 

Figure 7. images of the train track under a P:Q (left) and under /3 Pi5 (right), (p = q = 5). 



We recall the pseudo-Anosov /2,n £ Mod(Z2 >n ), and then we prove Proposition I A. II in the case 
g = 2. Let s = p + q. 

We can construct the cyclic branched cover U2,n of Uo^ s +2 with branched points x, y, z, where 
n = 5(s + 1) + 1 so that both a p ,(3 q : Sq,s+2 — > ^o,s+2 are lifted to a p ,(3 q : — > ^2,n-, see |22j 
Section 4.1]. One can check that both a p , [3 q : Zo,s+2 — > ^o,s+2 can be lifted to a p , j3 q : Z^n — > ^2,n- 
Define ip PtQ = [f3 q ] o [a p ] G Mod(Z2 in ). The mapping class ijj ps is pseudo-Anosov with A(V> P ,g) = 
\(4> Ptq ), since V>p,<? i s a ^ OI " 4>p,q- 

By taking p = |_§J and q = [|], we obtain V'LfJJf] € Mod(Z , 2j 5( s+ i)_|_i). Tsai modified ^[-J.rfl 
to be a pseudo-Anosov mapping class ipr s .{\ € Mod(Z , 2j 5( s+1 ) +1+ j) for each i £ {0, 1,2,3,4} so that 
^(s-fi) = V'LfJ.r-l* Moreover she proved that 

(a.2) A (Vw))<A(v>Lfj,rn) 
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by using [22\ Proposition 2.5] on the theory of the Perron Frobenius matrices. One can verify that 
the inequality 

A (Vifj+afi) < H^(s-,i)) 

holds by using the same argument as in the proof of (lA.ip . 
Putting the two inequalities above together, we have 

A (%j+ati) ^ A (Vw)) < A (^Lfj.rn)- 

Let m = [§J • Given < c\ < 1 and c 2 > 1, there exists Lj > for each i E {0, 1, 2, 3, 4} such that 

c l c 2 

mm < A(0|_|j +ii |-|-|) < m™ for m > Li, 

see Lemma [A. 2 [ Thus 

c l c 2 

mm < A(0|^£j_|_j |-|-| ) < mm for m > L = max{Lj | i E {0, 1, 2, 3, 4}}. 

Since \{ip Pjq ) = A(<£ M ), 

mm < A(^>|_|j +i) r«-|) < A(^ (s;i) ) < A(<^L|jj|]) < mm for m > L. 

For each n, let /2, n = Y>( s; i), where s and i € {0, 1, 2, 3, 4} satisfy n = 5(s + 1) +1 + £. By Lemma [2731 
together with m = |_§J , we have 

.. nlogA(/ 2 ,„) (5(s + l) + l + *)IogA(^ (s ;i)) „ 

hm ■ — = hm — — r- 5 — — = 10. 

7i->oo logn f^oo log(5(s + 1) + 1 + i) 

This completes the proof in the case g = 2. 

Tsai generalized her construction of $2,n S Mod(i7 2jn ) to fg )U E Mod(Z , g;ri ) for any fixed g > 2 
as we briefly recall below. The pseudo-Anosov mapping class i/)(g s ) ^ Mod(i7g )n ) can be defined by 
taking a suitable branched cover over Uq <s+ 2, where n = (2g + l)(s + 1) + 1. Then she extended 
to arbitrary n by constructing il}(g,8;i) G Mod(Z , 9 ( 2 g+i)(s+i)+i+j) f° r each i E {0, 1, • • • , 2g} so that 
^(s,s) = ^(sjsio)- By using the same argument as above, one obtains 

^Lfj+ati) ^ A Ww;*)) ^ A (^Lfj,r§i)- 

Furthermore given < c\ < 1 and c 2 > 1, there exists L > such that 

mm < A(^|^|j + j 5 |-|-| ) < A (^LfJ,rfl) ^ 771 ™ ^ or m > L, 
where m = |_§J ■ Therefore 

c l c 2 

< X(ip(g jS -{\) < mm for m > L. 

For each n, let = ip(g,s;i)i where s and i E {0, 1, ■ ■ • , 2g} satisfy n = (2g + + 1) + 1 + £. By 
Lemma [2731 we have 

hm nl °f A(/ ^ ) =2(2 ff + l). 

n->oo log Tl 

Thus we have obtained Proposition IA.11 
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